We study the mass splittings of Q1q2Q3q4 (Q = c, b, q = u, d, s) tetraquark states with chromomagnetic interactions between their quark components. Assuming that X(4140) is the lowest J P C = 1 ++ cscs tetraquark, we estimate the masses of the other tetraquark states. From the obtained masses and defined measure reflecting effective quark interactions, we find the following assignments for several exotic states: (1) both X(3860) and the newly observed Zc(4100) seem to be 0 ++ cncn tetraquarks; (2) Zc(4200) is probably a 1 +− cncn tetraquark; (3) Zc(3900), X(3940), and X(4160) are unlikely compact tetraquarks; (4) Zc (4020) is unlikely a compact tetraquark, but seems the hidden-charm correspondence of Z b (10650) with J P C = 1 +− ; and (5) Zc(4250) can be a tetraquark candidate but the quantum numbers cannot be assigned at present. We hope further studies may check the predictions and assignments given here.
I. INTRODUCTION
A hot topic in hadron physics study is to identify multiquark states from the observed exotic structures. Through explorations on their masses, productions, and decay properties, we may understand the problem how the strong interaction forces non-observable quarks and gluons to form observable hadrons. Before 2003, the situation in understanding hadron structures was simple because the quark model gave a successful and satisfactory description for hadron spectra [1] , although there exist a few hadrons difficult to understand. In 2003, experimentalists opened the Pandora's box for exotic states through the observation of X(3872) [2] . Since then, more and more unexpected XYZ states were observed and the situation for hadron physics study became complicated [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . To understand a little more the above mentioned problem, the discussions in this work aim at basic features of ground charmonium-like, bottomonium-like, and B c -like tetraquark states with even P -parities.
As the first exotic charmonium-like state above the DD threshold, the X(3872) motivated heated discussions on its nature [5, 10] . Its J P C are determined to be 1 ++ but the mass is tens of MeV lower than the quark model prediction if it is a charmonium. Since the meson is extremely close to the D 0D * 0 threshold, it is widely regarded as a loosely bound DD * molecule. Discussions in the tetraquark picture and hybrid picture are also performed. However, without a cc core, it is difficult to understand the measured ratios B(X(3872) → Ψ(2S)γ) : B(X(3872) → J/Ψγ) = 2.46±0.64±0.29 by LHCb [13] . The X(3872) seems to be a charmonium affected significantly by the DD * threshold [14, 15] . Anyway, one cannot identify this exotic meson as a pure tetraquark state.
To identify multiquark states, we may look for structures according to several ideas. The easiest approach is to study structures with explicitly exotic quantum numbers, e.g. charged charmonium-like or bottomonium-like states. The quark content of the charged hidden-charm or hidden-bottom mesons should be at least four if their nonresonance interpretations are excluded. Up to now, experiments have observed several charged structures, Z c (4430) [16] [17] [18] , Z c (4050) [19] , Z c (4250) [19] , Z c (3900) [20] [21] [22] [23] [24] , Z c (3885) [25] [26] [27] , Z c (4020) [28, 29] , Z c (4025) [30, 31] , and so on. Very recently, LHCb found the evidence for a charged charmonium-like resonance Z They are certainly four-quark state candidates. However, it is not easy to justify whether they are compact tetraquarks or meson-meson molecules. In this paper, we will try to understand whether parts of these charged states are compact tetraquarks or just molecules.
It is also possible to identify a multiquark state from its high mass that a conventional hadron cannot have. The observed P c (4380) and P c (4450) by the LHC Collaboration [33] are two such states. They look like excited nucleons but can be identified as pentaquark states because an orbital or radial excitation energy larger than 3 GeV for light quarks is an unnatural interpretation for the high masses while the creation of a cc pair can naturally explain. Ref. [34] predicted the existence of hidden-charm pentaquarks with this idea. Similarly, one may identify other high mass states looking like conventional hadrons as multiquark states if experiments could observe them. However, one still cannot easily distinguish compact tetraquarks from molecules except the QQQq case [35] [36] [37] in this possibility.
If experiments could observe an exotic structure that the molecule picture is not applicable, it is possible to identify it as a compact tetraquark. In Refs. [38, 39] , the D0 Collaboration claimed an exotic B 0 s π ± state and named it X(5568). This meson contains four different flavors. From its low mass (∼200 MeV lower than the BK threshold), the X(5568) is unlikely a molecule. If it really exists, it might be a compact tetraquark. Unfortunately, the LHCb [40] , CMS [41] , CDF [42] , and ATLAS [43] Collaborations did not confirm this state. The identification of compact tetraquarks along this idea has not been achieved yet.
We have one more possibility to identify compact multiquarks through number of states. The exotic structure X(4140) was first observed by the CDF Collaboration [44] in the invariant mass distribution of J/ψφ. In the latter measurements with the same channel by various collaborations [45] [46] [47] [48] [49] , LHCb confirmed the X(4140), determined its quantum numbers to be J P C = 1 ++ , established another 1 ++ state X(4274), and observed two more 0 ++ structures X(4500) and X(4700). The existence of two 1 ++ states does not support the molecule interpretations for them [49] . On the other hand, the cscs tetraquark configuration can account for such an observation [50] . This picture also favors the assignment for the Belle X(4350) [51] as their 0 ++ tetraquark partner [52] . In this paper, we identify the X(4140) as the lowest 1 ++ cscs tetraquark state and use its mass as an input to estimate the masses of other tetraquark states.
The model we will use is the simple chromomagnetic model. This model is based on the description that the mass splittings among hadron states with the same quark content are mainly due to the chromomagnetic interaction (CMI) term in the one-gluon-exchange potential. The constituent quark masses and contributions from other terms of a realistic model are equivalently incorporated into effective quark masses. Therefore, the effective quark masses should be different from system to system and the dynamical effects cannot be considered. Although the model is simple, one may still extract useful information about the basic features of spectra. When estimating multiquark masses with the CMI model, large uncertainties are mainly from the effective quark masses. We will try to reduce the uncertainties by modifying the original mass formula when applying the model to the tetraquark study. Moreover, for the states to be studied, we will try to relate their masses to that of the X(4140) and perform preliminary systematic discussions about the spectra. The reasonability of the results may be tested in future studies. This paper is organized as follows. After the introductory Sec. I, we present the theoretical formalism in Sec. II by constructing color-spin wave functions of the tetraquark systems and by showing the calculated CMI matrices. In Sec. III, we discuss the methods to estimate tetraquark masses, determine the adopted parameters, and list the numerical results in different methods. The last section is for discussions and summary.
II. FORMALISM
In this article, we use the notation Q 1 q 2Q3q4 (Q = c, b; q = n, s; n = u, d) to generally denote the considered system. If the system is truly neutral, Q 1 = Q 3 = Q, q 2 = q 4 = q and the notation becomes QqQq. From the SU (3) f symmetry, the tetraquarks belong to 8 f and 1 f representations. Since the flavor symmetry is broken, the isoscalar states would mix with some angle. In principle, the resulting flavor wave functions of the physical I = 0 states contain both Q 1 nQ 3n and Q 1 sQ 3s parts. At present, we just consider the ideal mixing case, i.e. Q 1 nQ 3n and Q 1 sQ 3s do not mix.
Here, we adopt the chromomagnetic model to study the Q 1 q 2Q3q4 tetraquark states. The effective Hamiltonian in this simple model reads
In this Hamiltonian, i or j is the index of a quark or antiquark, the operator σ i (i=1, 2, or 3) is a Pauli matrix and the symbol λ i = λ i (−λ * i ) (i=1, 2, · · · , or 8) for quarks (antiquarks) with λ i being a Gell-Mann matrix. The coefficient C ij is the effective interaction strength between the ith quark component and the jth quark component, which is relevant to their constituent quark masses and the spacial wave function of the system. The m i means the effective mass of the ith quark or antiquark, which includes the contributions from the constituent quark mass, the kinetic term, the color confinement term, and other terms in more realistic potential models. The reduction procedure from a realistic model can be found in Refs. [53, 54] . In the following estimation for the masses of the considered tetraquark states, the effective parameters will be extracted from low-lying conventional hadrons. This actually uses an assumption that such parameters are applicable to every system. From the reduction procedure for the model Hamiltonian and the fact that the spacial wave functions are not the same for different systems, this assumption certainly induces uncertainties. The uncertainties in coupling strengths affect the mass splittings between the considered tetraquark states while the dominant uncertainties lie in the effective quark masses which determine the mass shifts of the states. The strategy to constraint the uncertainties will be discussed later. Before that, we construct color-spin wave functions for various systems and evaluate the matrix elements of the Hamiltonian.
We use the diquark-antidiquark bases to describe the needed wave functions for the S-wave Q 1 q 2Q3q4 systems. Here, the notation "diquark" just means two quarks and does not mean a compact substructure. One may also use the meson-meson bases. These two types of bases lead to the same eigenvalues after diagonalization. For the diquark (antidiquark), its color wave functions belong to the3 c (3 c ) or 6 c (6 c ) representation and it is a triplet or singlet state in the spin space. In the present case, the Pauli principle has no restriction on the total wave function of the considered systems. Since we discuss only properties of ground tetraquark states, their P -parities are all positive. However, one should notice the possible C-parity once a state is truly neutral.
For the J P = 2 + tensor states, the wave functions can be written as
When the system is truly neutral (Q 1 = Q 3 , q 2 = q 4 ), the quantum numbers are J P C = 2 ++ but the wave functions are the same. Here, φ 1 (φ 2 ) represents the color wave function of the tetraquark state in the case3 c ⊗ 3 c (6 c ⊗6 c ) and χ 1 is the J = 2 spin wave function. The superscripts (subscripts) on the right hand side denote the total spin (color representation) of the diquark or the tetraquark.
For the scalar states (J P = 0 + or J P C = 0 ++ ), the wave functions are
As for the axial-vector J P = 1 + states, there are six total wave functions,
If the system is truly neutral, Q 1 q 2Q3q4 → QqQq, one may combine these bases and construct both C-odd and C-even wave functions. As shown in Refs. [52, 55] , the J P C = 1 +− wave functions can be written as
and the J P C = 1 ++ wave functions are
where χ e and χ o denote the spin wave functions with even and odd C-parity, respectively. With the Hamiltonian and the above wave functions, one may evaluate the CMI matrix elements. To simplify the obtained expressions, we define several variables,
For the case of J P = 2 + or J P C = 2 ++ , the CMI matrix is
where the base vector is (φ 1 χ 1 , φ 2 χ 2 ) T . For the case of J P = 0 + or J P C = 0 ++ , the CMI matrix with the base vector (φ 1 χ 3 , φ 2 χ 3 , φ 1 χ 6 , φ 2 χ 6 ) T is
For the case J P = 1 + without C-parity, one gets the matrix
where the base vector is (φ 1 χ 2 , φ 1 χ 4 , φ 1 χ 5 , φ 2 χ 2 , φ 2 χ 4 , φ 2 χ 5 ) T . When the considered state is truly neutral, the CMI matrix for the case J P C = 1 ++ is
with the base vector (φ 1 χ e , φ 2 χ e ) T . The matrix for the case J P C = 1 +− can be expressed as
with the base vector (
We have obtained similar 1 ++ and 1 +− matrices in studying cscs states [52] .
III. PARAMETERS AND RESULTS
The parameters in the CMI model are effective masses of the quarks and coupling strengths between quark components. We need 14 coupling strengths in the present study: 
the tetraquark masses may be estimated. However, if we check the numerical values for the masses of the conventional hadrons with this formula and the above parameters, deviations from experimental results are found (see table IV of Ref. [54] ). Usually, the obtained masses are larger than the measured values, which indicates that the attractions between quark components are not sufficiently considered in the simple model. The application of this formula to multiquark states should also lead to higher masses. On the theoretical side, such values can be treated as upper limits of the tetraquark masses. The mass deviations for the conventional hadrons obtained with Eq. (13) are mainly because of the uncertainties in effective quark masses. Each system should have its own quark masses. The effects because of the uncertainties in coupling constants should be small. To reduce the uncertainties in mass estimation, we adopt another method by introducing a reference system and modifying the mass formula to be
Here, M ref and H CM ref are the physical mass of the reference system and the corresponding CMI eigenvalue, respectively. For M ref , one may use the mass of a reference multiquark state or use the threshold of a reference hadronhadron system whose quark content is the same as the considered multiquark states. With this method, the problem of using extracted quark masses from conventional hadrons in multiquark systems [50] is evaded and part of missed attractions between quark components is phenomenologically compensated. In previous studies [36, 52, 54, 55, [57] [58] [59] [60] , we mainly adopted hadron-hadron thresholds. One finds that the estimated multiquark masses with this method are always lower than those with Eq. (13) . Since the number of thresholds may be more than 1, there is a question which threshold leads to more reasonable masses. As a multi-body system, the size of a tetraquark state should be larger than that of a conventional hadron and the distance between two quark components in tetraquarks may be larger than that in a conventional meson. The resulting effect is that the attraction between quark components should be weaker. Thus, although we cannot give a definite answer, probably the meson-meson threshold leading to higher masses gives more reasonable tetraquark masses. In the present case, besides the possible hadron-hadron thresholds, we may additionally turn to X(4140) by assuming it as the ground cscs tetraquark state with J P C = 1 ++ .
It seems that using X(4140) as an input is a better approach than the adoption of meson-meson thresholds. In Ref.
[52], we have performed the exploration for the cscs states with this input and gotten higher masses than with the D sDs threshold. When estimating masses of other tetraquark states, one encounters uncertainties from quark mass differences. This problem will be discussed latter.
A. The cncn, cscs bnbn, and bsbs systems These four systems have similar structures but involve different values of parameters. They are related to most of the charmonium-like or bottomonium-like XY Z states observed in various processes. The quantum numbers of the tetraquark states may be J P C = 2 ++ , 1 ++ , 1 +− , or 0 ++ . In the literature, one may find lots of studies relevant with such tetraquarks, e.g. [35, [61] [62] [63] [64] [65] [66] [67] .
One gets the eigenvalues of the chromomagnetic interactions by substituting τ = 2C Qq , τ = 0, α = C QQ + C+ 2C Qq , β = µ = C QQ − C, and ν = C QQ + C− 2C Qq into Eqs. (8) and (9) and by diagonalizing matrices in Eqs. (8) , (9), (11) , and (12) . For the QnQn systems, the isospin=1 and isospin=0 states are both allowed. In the current model, the obtained isovector and isoscalr QnQn states are degenerate.
First, we consider the cscs system. ++ tetraquark. Whether their partner states could be observed or not will be a crucial test for the tetraquark assignments used here. Another point we learn from the results is that the highest masses estimated with various hadron-hadron thresholds are still lower than the tetraquark masses. This observation is consistent with the above discussions and the discrepancy may be understood with the additional kinetic energy [68] . From a dynamical study of heavy-full tetraquark states [69] , the calculated masses are truly higher than the highest masses estimated with meson-meson thresholds but lower than the theoretical upper limits [55] . In the following discussions, we use this feature as a criterion for reasonable tetraquark masses. The plot for relative positions of the cscs states and detailed discussions about them can be found in Ref. [52] .
In Ref. [55] , we have discussed the effects on the tetraquark masses due to change of coupling parameters and argued the stability of QQQQ states by using the effective color-spin interactions in the case that the mixing of different color-spin structures is considered. In Ref. [60] , we further introduced a dimensionless measure to reflect the effective color-spin interaction between the ith quark component and the jth quark component,
With such measures, one may rewrite the multiquark masses as
When K ij is a negative (positive) number, the effective interaction between the ith and jth quark components is attractive (repulsive). If K 12 < 0 and K 34 < 0 but K 13 > 0, K 14 > 0, K 23 > 0, and K 24 > 0, the tetraquark state Q 1 q 2Q3q4 is probably more stable than other cases. If only K 12 or K 34 is negative, the state is probably less stable than the mentioned case but more stable than other cases. For the cscs system, we give the obtained K ij 's in Table III . From the results, the highest 2 ++ , the highest 1 ++ , and the second highest 0 ++ states are probably more stable than other states. In the following discussions, we assume that the X(4140) is the lowest 1 ++ state and the X(4274) is then the highest 1 ++ state. Although the X(4274) is higher than the X(4140), there is a possibility that the width of X(4274) is narrower than that of X(4140). This possibility is not contradicted with the recent LHCb measurement [49] .
Secondly, we consider the cncn system. When Eq. (13) is adopted, one gets the theoretically highest tetraquark masses. When the reference system is chosen as η c π, the lowest masses in our strategy are obtained. When the reference mass is chosen as the DD threshold, one gets more reasonable masses, but they are probably still lower than the realistic values. If there were one meson that we may identify as a compact cncn tetraquark, the relatively reliable masses of its partner states may be estimated with the CMI eigenvalues. However, as argued in Sec. I, it is hard for us to identify such a tetraquark state. To perform a better mass estimation, an alternative method we may try is to relate the cncn masses to that of the X(4140). To do that, we rewrite the mass formula Eq. (13) as
For the (2m c +2m s ) term, we replace it by M X(4140) − H CM X(4140) . Then the additional attraction that m c (=1724.6 MeV) and m s (=540.3 MeV) should incorporate is partly compensated. For the (m s − m n ) (=178.6 MeV) term, we also need a modification. Now the problem of mass estimation becomes the problem to determine mass gap between different quarks. The extracted (m s − m n ) from the conventional hadrons varies from 90.8 MeV to 187.1 MeV (see Table IV ). If one replaces the larger value 178.6 MeV by the smaller value m s − m n = 90.8 MeV, i.e., the mass formula in estimating the cncn masses is
higher masses than those with the DD threshold are obtained (see Table II ). If one uses the larger value m s − m n = 187.1 MeV, the obtained tetraquark masses are 2×(187.1-90.8)=192.6 MeV lower than those in the last column. Then the masses are not reasonable according to the above criterion. Considering the quark environment, probably the quark mass difference between m s in the cscs system and m n in the cncn system is close to that between D s and D. If this is the case, the cncn masses are just 25.4 MeV lower than those in the last column. In the following, we assume that the masses in the last column of Table II are reasonable values. Of course, further studies are required to test this method of mass estimation. One should note that the cncn masses in Table II are both for isovector and for isoscalar tetraquark states. Different from the cscs states, mixing effects for all the quantum numbers are not small. In Fig. 1 , we show the relative positions for the cncn tetraquark states, predicted QM charmonia [1] , relevant observed states, and various meson-meson thresholds. For the meson-mesons channels, we label their S-wave J P C in the subscripts of their symbols. It is convenient to judge whether a state can decay into a meson-meson channel from the J, P , and C conservations or not. In Table III , the coefficients K ij 's of Eq. (16) for the cncn case are also given. With the help of the relative positions in Fig. 1 , one may discuss possible assignments for the exotic charmonium-like mesons shown in the figure. For convenience, we summarize the mesons we will discuss, their quantum numbers, masses, widths, and finding channels in table V. In the particle data book [56] , the Z c (3900) and Z c (3885) are assumed as the same state and Z c (4020) and Z c (4025) are treated as the same state. Here, we also adopt this assignment. [56] . 181 ± 31 Belle: ψ(2S)π [16] We start the discussions with the newly observed charged Z c (4100) − . Its quark content should be cdcū. From It is unlikely an S-or P -wave meson-meson state, but definite conclusion needs detailed investigations. Our results indicate that the second highest J P C = 0 ++ cncn tetraquark (the C-parity of the neutral partner is +) has a mass close to that of Z c (4100). One may interpret the Z c (4100) as a scalar tetraquark state. By comparing relative positions for the state and thresholds in Fig. 1 , the Z c (4100) can decay into D * D * , DD, J/ψρ, and η c π through S-wave interactions if it is really a state. Its width should be very broad and the state may be even unobservable. If we check Table III , from K cn = −5.1, the color-spin interaction between the charm quark and the light quark is effectively attractive. Although the color-spin interactions between other quark components are effectively repulsive, the coefficient for the cn interaction is larger than those for others. This means that the state has a relatively stable tetraquark structure. The observed Γ = 152 MeV for this high mass state Z c (4100) is also qualitatively consistent with the argument that it is a scalar tetraquark. In fact, in a study with the QCD sum rule (QSR) [66] , the calculation also indicates that a 0 ++ tetraquark around 4.1 GeV is possible. If the J P of Z c (4100) are 1 − , the J P C of its neutral partner will be 1 −+ . In the QSR calculation, such a tetraquark has a mass around 4.6 GeV [76] , which means that the Z c (4100) is more like a scalar state. In addition, Ref. [77] fails to reproduce the mass of the Z c (4100) with an interpolating current for vector tetraquarks. All these results favor the 0 ++ tetraquark assignment for the Z c (4100). If this is a correct interpretation, the state may also be observed in the J/ψρ, DD, and D * D * channels. Because of the degeneracy of isovector and isoscalar tetraquarks in the present model, an isoscalar state around 4.1 GeV is also possible. Experimentally, it can be searched for in the J/ψω and η c η channels. If the above assignment is correct, probably the X(3860) is another 0 ++ tetraquark. This state was observed in the DD channel at Belle [71] and the J P C = 0 ++ assignment is more favored than 2 ++ . From our estimation, the second lowest 0 ++ tetraquark is close to it, which is a signal that the X(3860) is probably a cncn tetraquark state. The QSR calculation also gives an isoscalar scalar tetraquark around 3.81 GeV [66] which is consistent with the X(3860). If we check the amplitudes for the effective color-spin interactions in Table III , one finds that the cn interaction for the tetraquark is stronger and this state should not be stable like the second highest tetraquark. The resulting width may be comparable to that of the Z c (4100) although it is below the Z c (4100). The observed width ∼ 201 MeV for the X(3860) is qualitatively consistent with this feature. In Ref. [71] , the X(3860) was interpreted as the χ c0 (2P ) because the χ c0 (2P ) should decay dominantly into DD while the X(3915) does not satisfy this requirement. However, the analysis in Ref. [78] indicates that the χ c0 (2P ) has a narrow width, which is inconsistent with the Belle's result. The X(3860) is unlikely to be a charmonium from its broad width. In order to understand its nature, η c η and η c π channels are proposed to search for such a state and its isospin partner state, respectively.
In the 0 ++ case, four additional tetraquark states, two around 3470 MeV (I = 1 and I = 0) and two around 4270 MeV (I = 1 and I = 0), are also possible. The low mass cncn tetraquark states are around the predicted χ c0 . The only S-wave rearrangement decay mode for the isovector state is η c π and no rearrangement decay modes exist for the isoscalar one. Their widths may not be broad if they do exist. We wait for experimental measurements to test this judgement. The high mass cncn states around 4.2 GeV should be broader than the Z c (4100). Experimentally, there is a charged Z c (4250) in this mass region, which is observed in the πχ c1 channel and has a width around 177 MeV. It is unlikely a D 1D or D 0D * molecule [79] . At present, assigning the Z c (4250) as a ground tetraquark with highest mass can not be excluded. If this assignment is correct, an additional isoscalar tetraquark around 4.2 GeV should also be measurable. However, since the quantum numbers of Z c (4250) can also be 1 ++ , 2 ++ , or others and the highest tetraquarks in the 1 ++ and 2 ++ cases are also in this mass region, there are still other possibilities for its assignment.
The χ c0 charmonium has been established, but its radially excited χ c0 (2P ) not. This state should be around 3920 MeV. Experimentally, three narrow states in this mass region, X(3915) in the J/ψω channel [72, [80] [81] [82] , χ c2 (2P ) in the DD channel [83, 84] , and X(3940) in the DD * channel [73] , were observed. The angular momentum of the state observed in the DD channel has been determined to be 2 and this state is identified as the predicted 2 3 P 2 charmonium. For the other two states, the assignment problem is still unsettled. From Refs. [78, 85] , the X(3915) and the state in DD are probably the same 2 ++ state while the real χ c0 (2P ) is probably around 3860 MeV with a narrow width. For the X(3940) state, there is no appropriate position if it is a P -even charmonium (X(3872) should be the χ c1 (2P ) state). From a study of the decay width in Ref. [86] , this exotic state seems to be a good candidate of η c (3S). If the above assignments for the Z c (4100) and X(3860) are correct, the widths of the cncn tetraquark states should not be small. Since Γ X(3940) ∼ 37 MeV, the consistency of decay widths does not support its tetraquark interpretation. Based on our results, it seems that no tetraquark assignments are favored for states around 3940 MeV. These three or two states around 3920 MeV are probably conventional charmonia or molecules. Now let us move on to the J P C = 2 ++ states. In the charmonium sector, the lowest χ c2 has been established and the χ c2 (2P ) is also identified. No evidence for other charmonia has been reported. In the tetraquark sector, we have two states around 4.1 GeV (I = 1 and I = 0) and two states around 4.2 GeV (I = 1 and I = 0). Their dominant decay channels should be D * D * . For the isovector (isoscalar) states, the decay mode J/ψρ (J/ψω) is also allowed. Whether such tetraquark states exist or not needs to be answered by future measurements. As mentioned above, the Z c (4250) can also be a candidate of the high mass 2 ++ tetraquark. From Table III , the cn effective color-spin interaction in this state is weakly attractive, which probably narrows its width.
In the J P C = 1 ++ case, the most intriguing state is X(3872) which is probably the predicted χ c1 (2P ) charmonium but affected strongly by channels coupling to it. The lowest 1 ++ tetraquark we obtain is also around the predicted χ c1 (2P ) charmonium which is tens of MeV above the physical X(3872). This indicates that the X(3872) should not be a pure tetraquark, which is consistent with the results in Refs. [64, 65] . If the coupling between the predicted charmonium and the isoscalar cncn tetraquark state is considered, it is possible to obtain the physical mass of the X(3872). On the other hand, the isovector cncn, in principle, does not couple to conventional charmonium states. Its dominant decay modes are DD * and J/ψρ. If experiments observed an isovector state around 3950 MeV (with probably broad width), it will be a good tetraquark candidate. Around 4.2 GeV, we have two higher tetraquarks (I = 1 and I = 0). The dominant decay modes for the isovector state are still DD * and J/ψρ. Those for the isoscalar are DD * and J/ψω. The large phase spaces for decay indicate that both of them should be broad if they exist. Note that probably the Z c (4250) can also be the high mass 1 ++ tetraquark whose effective cn interaction is weakly attractive.
The remaining quantum numbers that the ground tetraquarks involve are J P C = 1 +− . The exotic 1 +− Z c (3900) states have been observed around the DD * threshold [20] [21] [22] . From our estimated masses, one cannot interpret the Z c (3900) states as ground compact tetraquarks. They should be isovector DD * bound or resonant states, or non-resonant effects, as explored in the literature [5, [87] [88] [89] [90] [91] [92] . Another state consistent with J P C = 1 +− is Z c (4200) observed in the J/ψπ channel. Its width is about 370 MeV, which implies that this state is probably a tetraquark. From our results of estimation, one may assign it as the highest ground cncn tetraquark. In QSR analyses [93, 94] , the tetraquark assignment for the Z c (4200) is also favored. In this mass region, there is an exotic X(4160) which was observed in the D * D * channel by Belle [73] . Although its width (∼ 139 MeV) is broad, assigning it as a 1 +− tetraquark seems to be problematic because (1) its mass is larger than the Z c (4100), (2) it has more decay channels than the Z c (4100), and (3) the cn diquark is not effectively attractive, but the width is not larger than the Z c (4100). Possible assignments may be η c2 (2D) [95] , η c (4S) [86] , or D * sD * s molecule with I G (J P C ) = 0 + (2 ++ ) [96] . The Z c (4430) observed in the πψ(2S) channel [17] also has the quantum numbers J P C = 1 +− . It is much higher than the Z c (4200) and should be an excited state. We do not discuss its nature here. Three charged tetraquark states, one around 4.1 GeV, the other around 4.0 GeV, and the third around 3.6 GeV, are also possible. The lowest one has only one rearrangement decay mode J/ψπ and is probably not a broad tetraquark. The other two should be broad. For the isoscalar 1 +− tetraquark states, there is still no candidate we can assign. The J/ψη may be an ideal channel to identify them because the decay of the conventional 1 +− charmonia into J/ψ involves spin-flip and is suppressed. The lowest I = 0 tetraquark (around 3.6 GeV) should be very narrow if it really exists.
In the above discussions, we do not mention the three charged states in the mass range 4.0∼4.1 GeV, Z c (4055), Z c (4050), and Z c (4020), although we need experimental candidates to assign as tetraquarks. These three states do not have broad enough widths that consistent assignments for ground tetraquark states require. Their nature should be accounted for by other interpretations. For example, the Z c (4020) can be explained as coupled channel cusp effect [97] or 1 +− molecule-like state [98] [99] [100] [101] and the Z c (4050) as 3 ++ molecule-like state [100] . They can also be radially or orbitally excited four-quark states, which has not been widely studied in the literature [5] .
From the symmetry consideration, its tetraquark partners should also exist if the Z c (4100) is really a 0 ++ cncn tetraquark state. Quite a few broad isovector and isoscalr exotic states can be searched for with the help of Fig. 1 . Four low mass (and probably narrow) cncn tetraquarks are also possible. If such additional states could be observed, we will be sure that more compact tetraquark states in other systems exist. The corresponding state of Z c (4100) in the cscs case (mass∼4.2 GeV) should also be relatively stable and can be observed since the cs color-spin interaction is also effectively attractive. Further experimental measurements are definitely needed.
Thirdly, we consider the bnbn system. The obtained CMI eigenvalues, theoretical upper limits for the tetraquark masses, and estimated values with the η b π and BB thresholds are listed in Table VI . Similar to the estimation procedure for the cncn states, when one relates the masses to that of the X(4140), we rewrite the mass formula to be
Then the (2m c + 2m s ) term is replaced by M X(4140) − H CM X(4140) and the (m s − m n ) term is replaced by 90.8 MeV.
For the mass difference (m b − m c ), there are some uncertainties with typical values of tens of MeV (see Table IV ). By using 3340.9 MeV extracted from B and D mesons, one may get higher masses than those determined with the BB threshold. If the value from the η b and η c is adopted, tetraquark masses lower than those determined with the BB threshold are obtained. They should not be reasonable values according to our criterion. In the following discussions, we assume the masses listed in the seventh column are closer to the realistic values. With such masses, we plot in Fig.  2 relative positions for the bnbn tetraquarks, predicted QM bottomonia, relevant observed states, and various mesonmeson thresholds. Unlike the cncn case, only two narrow exotic bottomonium-like states, Z b (10650) and Z b (10610) [102] , were observed in the present case. To understand effective color-spin interactions in the tetraquark states, in Table VII , we give the involved K ij 's for the bnbn states. From comparison for Figs. 1 and 2(a), the mass distribution for the bnbn system is similar to that for cncn. Table VII , the bn interaction in the second highest I G (J P C ) = 1 − (0 ++ ) tetraquark, the corresponding state of Z c (4100) in the hidden-bottom case, is also effectively attractive. It should also be a measurable broad state. So does its degenerate I = 0 partner state (mass around 10.8 GeV). Similarly, the highest 2 ++ and 1 ++ bnbn tetraquarks are probably measurable since their effective bn interactions are weakly attractive while the effective interactions for other quark components in them are repulsive.
From the discussions in the cncn case, it seems that tetraquark states generally have broad widths. By changing the (anti)charm quark to the (anti)bottom quark, this basic feature of tetraquark states probably does not change. The observed two Z b states have narrow widths, Γ Z b (10610) = 18.4 MeV and Γ Z b (10650) = 11.5 MeV [102] , and they should not be compact tetraquarks. Since they are near-threshold states, the natural explanation is that they are hadronic molecules [103] [104] [105] Table VI. bnbn system 
FIG. 2: Relative positions for (a) bnbn and (b) bsbs tetraquarks (black dashed lines), predicted bottomonia (blue dash-dotted lines), observed bottomonia (red solid lines), states with exotic properties (red solid dots), and various meson-meson thresholds (black dotted lines)
. The masses are given in units of MeV. The subscripts of threshold symbols are J P C in the S-wave case. B * B * molecule, the Z c (4020) with Γ ∼ 13 MeV looks like its hidden-charm partner and the J P C of Z c (4020) should be 1 +− , too. The assignment for the J P C from this simple comparison may be tested with future measurements. Searching for more exotic states in the hidden-bottom realm is an intriguing task since the bottom and charm quarks have different properties. The observation of them will be crucial for us to understand the quark interactions in conventional hadrons and in multiquark states, no matter the observed width is broad or narrow. We hope the results in the present work may provide useful information for further studies.
Finally, we consider the bsbs system. We present relevant masses in Table VI and various K ij 's in Table VII . When relating the masses to that of the X(4140), we modify terms in
By replacing (2m c + 2m s ) with M X(4140) − H CN X(4140) and (m b − m c ) with 3340.9 MeV, we get bsbs masses larger than those determined with the B sBs threshold. They are shown in the last column of Table VI . We treat them as the realistic masses and plot relative tetraquark positions in Fig. 2 (b) . Relevant rearrangement decay channels and their thresholds are also shown. From the figure, these bsbs tetraquarks can be searched for either in η b φ or Υφ channel. All of them seem to have open-bottom decay channels, which is a feature different from the cscs case [52] . However, it is unclear whether they are broad or narrow states because the X(4140) as a tetraquark has a narrow width around 22 MeV [56] . We hope future investigations may answer this puzzle. From Table VII, the highest 2 ++ , 1 ++ , and the second highest 0 ++ states seem to be more stable than other states since the effective cs color-spin interactions are attractive.
B. The cncs, bnbs, cnbn, and csbs systems
The existence of isovector charmonium-like and bottomonium-like tetraquark states also implies that of more exotic tetraquarks. One may find some predictions about the cncs, bnbs, cnbn, and csbs states in Refs. [35, 63, [106] [107] [108] . The cncs and bnbs states look like excited kaon mesons from the quantum numbers but the masses are much higher. If such a high-mass kaon were observed, one may identify its tetraquark nature since the orbital or radial excitation energy larger than 3 GeV for light quarks in a conventional kaon is unlikely. The creation of a heavy quark-antiquark pair can naturally explain its high mass. The cnbn and csbs states look like excited B c mesons, but probably they are not easy to be isolated from the conventional B c mesons. All such tetraquark states do not have C-parities. To get numerical results in the present model, the matrices in Eqs. (8), (9) , and (10) need to be diagonalized after appropriate parameters are used.
We consider temporarily the kaon-like heavy tetraquark states. With Eqs. (8), (9), and (10), the numerical results for the chromomagnetic interactions can be easily gotten. We list them in Table VIII . The theoretical upper limits for the tetraquark masses, the masses estimated with the η c K (η b K) threshold, and those with theDD s (BB s ) threhold are given in the forth, fifth, and sixth columns, respectively. The masses withDD s (BB s ) are higher than those with η c K (η b K). To estimate the masses with the help of X(4140), we adopt modified mass formulas of
and
By making the replacements (2m c + 2m
MeV, and (m s − m n ) → 90.8 MeV, we obtain much higher masses in the last column of Table VIII . We treat them as more reasonable values in the following discussions. The relative positions for the kaon-like heavy tetraquark states and relevant meson-meson channels and thresholds are illustrated in Fig. 3 . Contributions of effective quark interactions for each pair of quark components are easy to recover with Eq. (16) and the coefficients K ij 's in Table IX . Table VIII . 
−11.6 −4.6
For the cncs system, from Fig. 3(a) , all the tetraquark states have rearrangement decay channels. Most of the states have open-charm decay modes while the lowest 0 + and 1 + not. Unlike the conventional mesons where the OZI rule works, at present, we do not know whether the tetraquarks are broad or not even if the state has only hidden-charm decay channels. From Table IX, the highest 2 + and the second highest 0 + states should be relatively stable since the diquarks have effectively attractive color-spin interactions while quark-antiquark interactions are effectively repulsive. Probably the highest 1 + is also not very broad because of the weakly attractive cn interaction. Further studies on decay widths can help to understand the properties.
For the bnbs system, from Fig. 3(b) , one sees that the lowest 0 + and 1 + states do not have open-bottom rearrangement decay modes while others have, a feature similar to cncs. From Table IX, in these tetraquarks, possible relatively stable states are the highest 2 + , highest 1 + , and the second highest 0 + . Now we move on to the B c -like tetraquark states. With appropriate substitutions of coupling parameters, one can obtain the eigenvalues of the CMI matrices in Eqs. (8), (9) , and (10). Further, the tetraquark masses can be estimated in various approaches mentioned above. We list these numerical results in Table X . The values in the last column are determined with the help of the X(4140) which is treated as a cscs tetraquark. In this case, the mass formulas we modify are
After the replacements we have used in previous systems are made, one gets higher masses than those estimated with the DB/D s B s threshold. We perform discussions with such masses. In Fig. 4 (a) and 4(b), we display the mass spectra with dashed lines for cnbn and csbs tetraquarks, respectively. Relevant meson-meson thresholds are also shown with dotted lines. The calculated coefficients of effective color-spin interactions between quark components, K ij in Eq. 16, are given in Table XI . Table XI, the highest 1 + , the highest 1 + , the second highest 1 + , and the second highest 0 + probably have relatively stable structures. In the hidden-charm (hidden-bottom) case, the minimal excitation energy for the creation of a light quark-antiquark pair is around 370 (740) MeV while the orbital excitation energy is around 300 (400) MeV. In the present B c case, the excitation energy for a light quark-antiquark pair is around 570 MeV, a value between the hidden-charm and hiddenbottom cases. That for orbital excitation should be less than 400 MeV, e.g. 370 MeV. Then the mass of B c0 (1P ) is probably around 6.7 GeV and the mass of B c2 (1P ) is likely to be less than 6.8 GeV. From the QM calculations [1] , we may also guess that the mass for the B c2 (1F ) meson is probably in the range 7.2 ∼ 7.3 GeV. From these numbers, it seems that only radially excited B c states with J P = 0 + , 1 + , and 2 + can fall into the mass region for the B c -like tetraquarks. 
1.9 These states are composed of four different flavors, a similar feature to the X(5568). Some results can be found in Ref. [35] . In fact, the isovector B c -like systems also contain quarks with four different flavors.
According to the expressions for H CM in Eqs. (8), (9), and (10) and the values of C cn , C bc , C cs , C bn , C ns , C bs , C cs , C cn , C bs , and C bn in Table I , we obtain numerical values and eigenvalues of the CMI matrices for cnbs and csbn systems. These data together with the estimated tetraquark masses in various approaches are shown in Table XII . We have obtained masses with the help of the X(4140) in the last column by modifying
That is, the relevant formula is (to get more reasonable masses)
The mass differences between the cnbs and csbn states mainly come from the chromomagnetic interactions. From Table XII , their differences are very small. If we check the variables defined in Eq. (7), the differences in expressions are related to (C cn − C cs ) ± (C bn − C bs ), (C cn − C cs ) ± (C bn − C bs ), and −(C cn − C cs ) ± (C bn − C bs ), i.e. with the Table XII lets us know that the resulting mass difference is at most 3 MeV. Because of the existent heavy quark, the mass of a cbns is not exactly the same as that of cbsn. We display the relative positions for the tetraquark states and relevant thresholds in Fig. 5 . One notes that mass differences (10 ∼ 20 MeV) between D s B and DB s , D s B * and DB * s , and so on also exist, but the properties of these two systems are very similar. In Table XIII , we present values of K ij 's for the present systems. The data for the two systems are also close to each other. One may concentrate only on one system, e.g. cnbs.
If + state is probably not very large since it has only one rearrangement decay channel B c K. To understand whether such states exist or not and whether the adopted method is reasonable or not, searching for them in possible decay channels is a worthwhile work. Now we move on to the problem about the nature of a state below the B c K threshold. From Table XII , the lowest tetraquark (6760 MeV) we can obtain is only ∼ 10 MeV lower than the B c K threshold. If a B c K molecule exists, the binding energy should be small since the B c K interaction is weak (the small scattering length a ηcπ in Ref. [109] as a reference). If experiments could observe a state below the threshold with a large energy gap, a similar situation to the X(5568), it will be very difficult to understand its nature either in the tetraquark picture or molecule picture. One gets a similar conclusion for the I = 1 cnbn case. Table XII . 
IV. DISCUSSIONS AND SUMMARY
In this study, we systematically analyse the spectra of the possible Q 1 q 2Q3q4 (Q = b, c and q = n, s with n = u, d) tetraquark states by using the CMI model. We use the diquark-antiqiquark bases to construct the wave functions and calculate the CMI matrices. After diagonalizing the matrices, the eigenvalues irrelevant with base choice are obtained. Such values determine the mass splittings between states with the same quark content. Since the present model does not involve dynamics, one cannot determine the absolute masses by solving the bound state problem. To get numerical results of masses, we tried several estimation approaches: (1) with Eq. (13), (2) with the (Q 1Q3 )(q 2q4 ) type meson-meson threshold as a reference, (3) with the (Q 1q4 )(q 2Q3 ) type meson-meson threshold as a reference, and (4) with a postulated mass scale relating to X(4140) as a reference. In the first approach, the obtained masses are always larger than those in other approaches. For conventional hadrons, the obtained masses are usually higher than the experimental measurements (see table IV of Ref. [54] ). This means that the additional attraction effects are actually needed in this approach and we may treat tetraquark masses in this approach as theoretical upper limits. In the second approach, the obtained masses are always smaller than those in other approaches. Therefore, we may treat masses in this approach as theoretical lower limits. In the third approach, the obtained masses are moderate. Now we analyze the reason why the masses in this approach are larger than those in the second approach. In fact, when we estimating masses with the modified Eq. (14), we are making the following replacements from Eq. (13),
in the second approach and
in the third approach. Here, M
) means the calculated (measured) mass for the (Q 1Q3 ) meson, etc.
Then the compensated attraction in the second approach is represented by (M
(q2q4) ) and that in the third approach is (M T h.
). From Table IV of Ref. [54] , the former value is usually larger than the latter value and their difference is the mass difference for tetraquarks between the two approaches. For a tetraquark state, its size should be larger than that of a conventional meson, which means that the compensated attraction should not be so strong like the value in the second approach. Although the tetraquark masses in the third approach are larger, it seems that they are still smaller than the realistic case. From Ref. [68] , additional kinetic energy may contribute and lead to larger masses. The dynamical calculation in Ref. [69] also favors the argument that the estimated masses with the reference thresholds are still small. Therefore, the values obtained in the forth approach seem to be more realistic. The masses are about 80 ∼ 105 MeV higher than those in the third approach. Treating the X(4140) as the lowest 1 ++ cscs tetraquark state, the problem of mass estimation becomes the problem to determine quark mass differences in hadrons. Here, we assume that the largest values in the forth approach are closest to the realistic tetraquark masses and perform discussions. Searching for the various predicted states in this approach may help to test the assumptions we adopt.
For the color-spin interactions between quark components in multiquark states, the complicated structure mixing effects may change their original properties, from attractive to repulsive or from repulsive to attractive. For the tetraquark states studied in this work, attractive diquarks while repulsive quark-antiquark pairs are helpful for relatively stable states. To understand this property for the quark interactions, we evaluated the measure, K ij defined in Ref. [60] , for various states.
According to the numerical results, we performed the discussions in the previous section. Our results on the exotic XY Z states may be summarized as follows:
• From the qualitative features of both mass and width, the newly observed Z c (4100) by LHCb seems to be a 0 ++ cncn tetraquark state.
• From the consistency of mass and width with the Z c (4100), the X(3860) observed by Belle may be another 0 ++ cncn tetraquark state.
• The Z c (4200) observed by Belle is probably a 1 +− cncn tetraquark state.
• The Z c (4250) can be a tetraquark but the quantum numbers cannot be assigned.
• The Z c (3900), X(3940), and X(4160) are unlikely compact tetraquark states.
• The Z c (4020) is unlikely a compact tetraquark, but seems to be the hidden-charm correspondence of the Z b (10650) with J P C = 1 +− .
Our predictions on possible tetraquarks can be found in Fig. 1 of Ref. [52] and Figs. 1, 2, 3, 4, and 5. There should exist relatively narrow tetraquarks, such as the lowest 0 ++ cscs and cncn. In particular, from the signs of measure for effective quark interactions, we find that for the highest 2 + and the second highest 0 + states, the structures probably are more stable than other partner states with the same J P , because the quark-quark interactions in them are effectively attractive while the quark-antiquark interactions are effectively repulsive. For the case having C-parity, the highest 1 ++ states also have such a property. The remaining states having such a property are the highest 1 + cncs, bnbs, and csbs and the second highest 1 + csbs. The widths of these mentioned states are probably not very broad although their masses are not low.
In the modified estimation method, the dominant uncertainties for the tetraquark masses are partly remedied, but the uncertainties in coupling parameters still exist, although the effects on mass splittings may be small. It seems that one cannot solve this problem without dynamical calculations. We wait for experimental measurements to answer whether the extracted C ij 's from the conventional hadrons are actually applicable to multiquarks or not and how large the induced uncertainties for mass splittings are.
In our study, we did not consider the generally mixed isoscalar states of Q 1 nQ 3n and Q 1 sQ 3s , but considered the states similar to the ω and φ case. The mixing between Q 1 nQ 3n and Q 1 sQ 3s surely affects the spectrum. Once the predicted tetraquarks could be confirmed, one may study this case if necessary.
Here we consider the compact tetraquark states. In the literature, there are studies of various charmonium-, bottomonium-, and B c -like meson-meson molecules [70, 110, 111] . Apparently, the two configurations are difficult to distinguish just from the quantum numbers. Since the distances between quark components in these two configurations are different, the masses are not always the same. To identify the inner structure to which an observed meson belongs, the decay properties should be helpful.
An inconsistency about decay width might exist in our arguments. If our argument about stability of states and the assignments for tetraquark states are correct, the qualitative consistency between the widths of X(4140) and X(4274) is satisfied. That for Z c (4100), X(3860), and Z c (4200) is also observed. However, if we compare the widths of cncn tetraquarks and those of cscs tetraquarks, the consistency seems a problem. The widths of the former states are larger than 100 MeV while those for the latter are at most tens of MeV. It is worthwhile to study more on the decay widths of tetraquarks [112, 113] in future works in order to check or confirm the assumptions used here.
To summarize, by studying the chromomagnetic interaction between quark components, we calculated the mass splittings between the Q 1 q 2Q3q4 tetraquark states. With the assumption that the X(4140) is the lowest 1 ++ cscs tetraquark, we estimated all the Q 1 q 2Q3q4 masses, which can be tested in future experimental measurements. According to the numerical results, we discussed possible assignments for several exotic XY Z mesons.
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